In this paper, we study the existence and multiplicity of solutions for an impulsive differential equation via some critical point theory and the variational method. We extend and improve some recent results and reduce conditions.
Introduction
As an important research field of study, the impulsive differential equation has been attracting the attention of several mathematicians. In the early years, the main way to resolve this kind of problems is based on the fixed point theory, the theorem of topological degree, the upper and lower solutions method coupled with the monotone iterative technique, and so on; see for example [-] . Recently, many authors have tried to use the variational method and some specific critical point theorems, such as mountain pass lemma, fountain theorem, linking theorem, symmetric mountain pass lemma, and so on, to study the existence (see [-] ) and multiplicity (see [-]) of solutions for some impulsive differential equations.
In [] , authors have shown the variational structure of an impulsive differential equation and proved the existence of a solution by using the mountain pass lemma.
In [] , the authors studied the following equation:
-(p(t)u ) (t) + r(t)u (t) + q(t)u(t) = f (t, u(t)), a.e. t ∈ J,
Then Zhang in [] proved the existence of two solutions and the existence of infinitely many solutions of problem given by
In this paper, we study the existence and multiplicity of solutions for the following nonlinear impulsive problem:
We will prove that equation () has at least two classical solutions and infinitely many classical solutions under different conditions. Our main results extend the existing result in [, , ]. We prove the same impulsive problem in [] cannot only have two solutions but also have infinitely many classical solutions. Compared with [], we do not require the impulsive functions I j and F to satisfy the sublinear growth condition and the superlinear growth condition about u μ , which such that the problem more general. Different from [] in which F is a negative function, in this paper, our results relax the restriction of F with a wider range of applications. The rest of the paper is organized as follows: In Section , we give the variational structure and several important lemmas. The main theorems are formulated and proved in Section .
Preliminaries
. Multiplying the first equation of () by e -R(t) , we obtain
Obviously, the solutions of equation () are solutions of equation (). Consider the Hilbert space H   (, T) with the inner product and norm
where
Let λ k (k = , , . . .) be the eigenvalue of the following Dirichlet problem, where
is the first eigenvalue:
We assume X k is the feature space corresponding with
, and by the Poincaré inequality we have
Then letting
, we can get the result. Similarly, if -
We can also let a  =   + λM mλ  to get the result. 
Lemma  ([]) For the function F
Then ϕ has an unbounded sequence of critical values.
Main results
In this paper, we assume: (H  ) There exists μ >  such that μF(t, u) ≤ uf (t, u) and
The main results are the following theorems.
Theorem  Assume (H  )-(H  ) hold and |λ|
, then the impulsive problem () has at least two weak solutions.
Theorem  Suppose that (H  )-(H  ) are satisfied and λ ≥ -
mλ  M .
If f (t, u) and I i (u) are odd about u, then the problem () has infinitely many weak solutions.
Next, we give the main lemma used in this paper.
Lemma  ([]) Suppose that (H  ) holds, then for all t ∈ [, T] we can obtain
F(t, u) ≤ F t, u |u| |u| μ , <|u| ≤ ,()F(t, u) ≥ F t, u |u| |u| μ , |u| ≥ .
Remark  For the convenience of the reader, we denote
M  = sup{F(t, u), t ∈ [, T], |u| = }, m  = inf{F(t, u), t ∈ [, T], |u| = }.
Lemma  Suppose that (H  ) and (H  ) hold, then ϕ satisfies the P.S. condition.
Proof Let {u n } ∈ H   (, T) be such a sequence that {ϕ(u n )} is bounded and lim n→∞ ϕ (u n ) = , we will show that u n has a convergent subsequence. In view of the given condition, there exists C  >  such that
for all n. By the definition of ϕ and () we obtain
Combining (H  ), we have
This implies that {u n } is bounded and, if necessary going to a sequence we can suppose that u n u ∈ H   (, T). By () and Lemma  we have
Combining with (), we know u n -u  → . So, ϕ satisfies the P.S. condition.
Proof of Theorem
is Hilbert space, B ρ is bounded and weak sequentially closed for all ρ > . We will show ϕ is weak sequentially lower semi-continuous on B ρ . In fact suppose u n u in H   (, T), then u ≤ lim inf n→∞ u n , and
By the definition of ϕ, we can obtain ϕ(u) ≤ lim inf n→∞ ϕ(u n ). From Lemma , there exists
Combining with Lemma , Lemma , and (H  ), there exists a small ρ with ρ < ρ  such that when u(t) ∈ ∂B ρ we have
Hence ϕ satisfies the condition (φ  ).
Taking e ∈ W such that e = . By Lemma , we claim that there exist
By (H  ), for all r > , u ∈ V , we have
Combining with a  < , there exists R > , such that the following conclusions hold:
when u ≥ R, ϕ(re + u) <  for all  < r < R;
For any u(t) ∈ V , u ≤ R, we can obtain
So ϕ| ∂ Q ≤ . From Lemma  we know that ϕ has a critical point c with c ≥ τ > . In other words, there exists u  such that ϕ(u  ) = c. Hence u  and u  are classical solutions of the impulsive problem ().
Proof of Theorem  Since f (t, u) and I i are odd about u, ϕ(u) is even and ϕ() = . Lemma  shows that ϕ satisfies the P.S. condition. In the same way as in Theorem , we can verify ϕ satisfies the condition (ϕ  ) in Lemma . Finally we prove that ϕ also satisfies the condition (ϕ  ). According to Lemma  and (H  ), for every V  , u ∈ V  , there exists C  , M  >  such that
then we can find R >  such that ϕ(u) ≤  when u ≥ R. By Lemma , ϕ possesses infinitely many critical points. Hence, BVP () has infinitely many classical solutions. 
Example Take x(t) ∈ C[, T], t

Conclusion
A second-order impulsive differential equation is considered in this paper. Some necessary conditions for the existence and multiplicity of solutions are presented by critical point theories and variational methods. We also proposed a numerical example to show the advantage.
